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Abstract: In this paper we prove optimal a priori estimates and regularity results for boun-
dary value problems regarding differential forms. This concerns inequalities with respect to
the C'*- and W'9-norms. Particularly, we treat estimates of the gradient of differential
forms with euclidian components in C** by their exterior derivative, coderivative, suitable
boundary values and values depending on the Betti numbers of the given area.

AMS-Classification (1991): 31 B 20, 58 A 14

1 Introduction

Our main objective is to give a priori ineqalities and regularity results for differential forms
of order r with euclidian components in C'*. In detail, we present appropriate estimates
to boundary value problems for differential forms with respect, to bounded sets G C R",
n > 2. These boundary value problems determine the exterior derivative, the codifferential,
either the tangential or normal component of our differential forms and some quantities
due to the topology of G. Special cases of such a priori inequalities play an essential role in
connection with decomposition results (cf. [10], (Theorem 7.7.2)). Here we work on problems
like those in [9], which in essence have been discussed in [4). For vector fields, we take
numerous results from (8] and [14]. Estimates for various spaces of vector fields in R® are
given e.g. in [1], [2] and, assuming special topological and boundary conditions, in [16].

The results of [16] and {2] will now be extended in relation to the degree of the discussed
tensors. In addition, we slightly generalize the former inequalities by presenting estimates
for derivatives of forms and for the forms themselves. Assuming f is a differential form of
order r, r € N: r < n, comprising euclidian components in C**, we infer the estimates

Bn_r
Ifllctaey < e (ldflicoray + 16 fllcony +1lv A fllerree + Zl |Yil)
1=
and 5
Iflcrag < e (lldfllcong + 16 fllcoaigy + 1(vs Fllcraiaey + 21 1Zi),
=



228 Jiirgen Bolik

where ¢; = ¢(n,7,A\,G), ¢ = 1,2, are positive constants. Moreover, the analogous L9-
estimates are valid for f, i. e.

Byer
I/ llwra) < es (ldfllza) + W6 f asey + 1o A Flli-ga gy + 2 1Y)
i=1

and
B,

1fliwracay < ea (ldfllzaa) + 10 fllzaca) + 1 Al 1-ta oy + 21200

i=

where ¢; = ¢;{n,1,q,G), ¢ = 3,4, are positive constants. As usual, d will denote the exterior
derivative and § the coderivative. Furthermore, we write v A f for the tangential component
of f and (v, f) for its normal component. The quantities Y; and Z; are real numbers due to
the topology of the set G. As usual, B,_, denotes the Betti number regarding (n — r)-cycles
and B, means the Betti number concerning r-cycles (see e.g. [13]). In the case of Hélder
norms these estimates are generalizations of [2], where vector fields in R® are treated. At
first sight, the results of [10}, [12] and [1] seem to be similar to ours. But there are essential
differences that one should well be aware of. Most important, these inequalities are based on
orthogonal Hilbert space decompositions, whereas our estimates use Banach norms. To get
them in a less general case, G. Schwarz shows in [12] that it is possible to use the ellipticity
of a boundary value problem and (if proved) the a priori estimates of this problem. For
our proof we choose a direct approach. Regarding the Hilbert space results for vector fields,
we discern in [1] an estimation using the fluxes. However this inequality differs from our
first one for vector fields and does not concern the W'2-norm. In connection with numerical
applications, in {5] several estimates are discussed, which are comparable to ours for 1-forms.
However, only Hilbert space results are mentioned there, and even in this case the results
are less strict.

Acknowledgements

The following results are part of the author’s doctoral thesis [3]. I would like to thank Prof.
Dr. W. von Wahl for many helpful discussions and the Deutsche Forschungsgemeinschaft
(DFQG) for partial financial support.



A priori estimates for differential forms with components in C'* 229

2 Definitions and requirements

If not stated otherwise, let us henceforth assume that n > 2, r € Ny : r < n, k € Ny,
A€ (0,1), q € [1,00) and o € Ry U {0}. Furthermore, we write G C R* for a bounded set
consisting of a finite number of arcwise connected components G; fulfilling the conditions

G.NG, =0 if i # j and 8G; belongs to C*.

By G the set R*\G will be denoted. B, is the abbreviation of the Betti number concerning
the simplicial homology group with regard to 7-cycles of the set G. We write f € X7 if f is
a r-Form f with euclidian components in the space X. In this discussion it is assumed that
the metric is cuclidian. The quantities ¢; are positive constants relating to our differential
forms.

DEFINITIONS:

a) If f and h are r-forms on K*, then (f,h), denotes the euclidian inner product. Let g be
a r-form and let A be Grafimann’s wedge-product. By means of

(*fy g)n—r = (f A g, dnx)n
we define the Hodge operator x (see e.g. [7]).

b) Let f € C'(G)", r < n. Then the exterior derivative d of this form is defined by

df = Z d(f]’l_,_j,) Adzi A LA dzj'_ .

1€j1<...<jr<n
If f belongs to C'(G)", we set df := 0.
The codifferential § is given by means of the Hodge operator x and the exterior differential:
5 1= (~1) D wd(s ).

¢) Let f be a r-form defined on 0G and v be the I-form with components which are equal to
those of the exterior normal field with unit length. Then, by virtue of

n
(Vf)jl ----- Jro1 T (v, f)jl,-»-‘jr—l = Z '/ifijl,m,jr—n ifr>0,

1=

we obtain a differential form vf. The remaining case r = 0 will be explained by
vf=(wf)=0.

Using the A-product, the differential form 7 f will be designated:
Tf=vAf.

We call vf normal component and 7f tangential component of the form f.
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d) As usual, w, denotes the surface of the unit ball in R* and G(z,z') the fundamental
solution of the Laplace operator, i. e.

1

AN
C@) = - Dl — 2

where £,z' € R* and z # 1’

By the exterior derivative with respect to z, i. e. d,, the I-form
MNz,2') := d; G(z,z")
15 given.

e) If g(z,.) is a integrable r-form, the integral of g(x,.) will be defined as that differential
form, the components of which correspond with the integrals of the components of g(z,.).

f) Let o € Ry.. Besides the common spaces, we define

CE¥MOG) := {f € C*BG)" | rf =0}
Wf"’(aG)’ ={f e W™(OG) |rf =0}
W2(8G) := Li(8G)™ .= {f € LYBG)" |rf =0}
CEAOG) = {f € CHGY [vf = 0}
Wea(dG) = {f € W(8GY | vf =0}

WO9(3G)" = LYBG) = {f € LIBG) |vf = 0}
VGY :={fcCG) N CG) |df =0 and &f =0 with 7f =0}
Z(G)Y = {feCUGY N CHG) |df =0 and 6f =0 with vf =0}.

Apart from the fact that elements f of the spaces y(é)' and Z(G) have to fulfil the property
|fir.i,(x)] = 0 if |z]| = oo uniformly for all directions !,
these spaces are ezplained analogous to Y(G)™ and Z(G)" respectively. We call elements of

the spaces Y(G) and Y(G)" Dirichlet fields and elements of Z(G)" and Z(G)" Neumann
fields..

Obwiously, we obtain

CE(8G)° = CH(G)®, CH(AG)™ = CHAG)" and CHAG)" = CX(8G)° = {0} .

! Remark: We take from [9] that this convergence implies that |f;, ; (z)| = O(|z|'~") if |z| = oco.
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g) Provided that f is a integrable r-form on 0G, we set

}q;:—/ (f, 78 dw, i=1,..,Bn,,
8G
and

Zi::—/ (fivi)dw, i=1,..,B,.
G

Here (.,.) denotes the euclidian inner product. Furthermore, {#'}i=1,. .8, ., i a basis of
Z(G) ! and {i'}i=1,. 5. is a basis of Y(G)™tV.

3 A priori estimates

Referring to [9], we define the Dirichlet problem D, ;(G) and its dual Neumann problem
N.+(G) for differential forms. It is important to see that suitable integrability conditions
be fulfilled. In our case, we use those of [9]. Our a priori inequalities are adequate for these
boundary value problems and involve optimal regularity properties.

DEFINITION (The Dirichlet and Neumann problem): Let r € N: v < n and X € (0,1).

a) We suppose that f € C'(G) ', g € CYAG)™! and v € CMIG)™! satisfy the inte-
grability conditions. By {#'}i=1,.p,_, a basis of Z(G)™" will be designated. The quantities
Y, i=1,..., Ba_,, are real numbers.

Then Dy, (G) = D, (G, f, 9.7, {Yi|t = 1,...,Bn_;}) denotes the Dirichlet problem, which

L
consists in finding the solution ¢ € C**G)" NC'"G)" of

do=f and é¢p=g inG
—T¢=< ondG,

satisfying the additional conditions
—/ (¢, 78)dw=Y;, i=1,..,B,,.
aG

b) Let us now assume that g* € CY*G)™+, f* € C'MG) ! and v* € CLA(OG) ! fulfil the
integrability conditions. By {§*}i=1_p, a basis of Y(G)™*! will be denoted. The quantities
Zi, =1, ..., By, are real numbers.

Then Ny +(G) = No.(G, f*,¢*,v,{Z:|i = 1, ..., B,}) means the Neumann problem, which
consists in finding the solution ¢* € C®*(G)" N CY G)" of

d¢g*=g* and d¢*=f* inG
—v@*=v* ondG,
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satisfying the additional conditions

—/ (¢ v§)dw=Z;, i=1,..,B,.
8G

These problems and the Dirichlet and Neumann problems from [8] and [14] are closely related,
which can be shown by [7], (3.13, p. 37), (3.10 g, p. 34) and some well-known formulas.
Furthermore, each Neumann problem N, ,_.(G) is equivalent to a Dirichlet problem D, ,(G).
For this, we transform N n_,(G) = N o+ (G, f*, ¢*,7*,{Z:|i = 1,..., B,_,}), by means of

g = _(_1)n(r+1) £ 1 g:’ f = (__1)nr %1 f*
yi= (D)
gi = *—léi’ Yz = (_1)n(r+1)Zi’

into Dy, (G) = Dy, (G, f, 9,7, {Yi|t =1, ..., Bu_,}). Here, we write * for the Hodge operator
and *~! for its inverse mapping. By virtue of the definition ¢* := *¢, the solution ¢ of
D, -(G) gives the solution ¢* of N »_.(G).

The problem D, (G) and the accompanying problem N, .(G) are solved using the
Fredholm integral operators I — K, and I — L,. We will present the compact operators
K, and L, in Theorem 3.2. The following theorem provides some regularity results for se-
veral boundary integral operators. For a detailed proof the reader will be referred to [3], [6]
and [15].
THEOREM 3.1: Let k € Ny, A € (0,1), g € (1,00), 0 € R" U {0} and l,m € {1,2,...,n}.
Given z,z’ € 0G, the functions

1 1
(n = 2wn o= 2T
K(z,z') := (v(2),T(z,2") = (v(x),d; G(z,z"))
L(z,2') = (v(x), T'(z,2) = (v(a"), du Gz, 29)
N(z,z") = N'™(z,2') := (v,(z) — (') - Tm(z, 2')

G(z,z') = —

unll be abbreviated by O(z,z'). Moreover, by
Oupf(z) = [ Oz, 2)f(z) dww, with § € CEAG),
a6

integral operators Ok are defined. Analogously, operators O,, are defined on
Wo9(3G). Then the operator Ok belongs to L(C*OG),C*1*(0G)) and O,, is in
L(W9(dG), W+19(8G)).

By means of these regularity results, it is possible to find convenient regularity properties
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for those integral operators which are related to our boundary problems:

THEOREM 3.2: Letr € Ny : 7 < n, k € Ng, A € (0,1), g € (1,00) and o € R* U {0}. We
define operators K, and L, by

Kof(2) = Kenef (@) = 2 [ (0(0), /(&) - Gla, ) dse,
with f € C*NAG)™, z € 0G,
and
Lof(@) = Lup f(@) = =2 [ (o) A8/ - Gla ) d,
with f € C*9G)™, = € 6G .
Therein d, and 8, denote (with regard to z) the exterior differential and the codifferential

respectively. Analogously, we get operators K, 4, and L, 4, defined on W9 and W79 respec-
tively.

Then the operator Ky, belongs to L(CEAAG),CEHVMAG)) and Lyy, is in
L(CE(8G), CF+Y2(G)T). Furthermore, K,,, les in LW29(0G)", WIt9(3G)") and
Lo gr 15 in LOWZ(OG)T, WIHH9(DG)T).

Proof: The assertions for Ki . and Li g are trivial. Therefore, we confine ourselves to
Kiae, 7 < n, and Lgy,, 7 > 0. Self-evidently, regarding the Hodge operator and a simple
calculation, the first operator is related to the latter. Therefore, it is sufficent to deal merely
with Kj . Let henceforth r < n and f € C2*(8G)". For v € C'(R*)® and g € C*(R*)" the
equation

(3.1) d(ug)=dung+u-dg

holds. This and the definition of I' (see Definitions d), part 2) result in

(3.2) di(f(2)-Glz,2)) = Tz, 2') A f(2').

Futhermore, we make use of the property (v, f)(z') = 0 and of the relation

(33)  (W(=),T(z,2) A f(z) = f(a) - (v(2), [(z,2)) — D(z,2) A (v(z) — v(2), f(2')) -

The required estimates for the operators K », and Ly » » can now be inferred from those for
the operators Ki » and N of Theorem 3.1.

The space CEMAG)" lies densely in W9(dG)™. Therefore, we verify the results for K,
and L, g4, by suitable extensions of operators Kj »r, with K + A > o, and Ly, , respectively.

a



234 Jiirgen Bolik

Remark: Let r <n. By (,.) > R,
64 (£9)i= [ (7o) 0a) ) do,
with f € L2(0G)", g € L2(8G)™*!,

a bilinear form is given. The operator L,—g-2,+1 is the adjoint operator of —Ky—g =2,
relating to the bilinear form above (see [9]).

Now, we turn to our main topic: the a priori estimates for C'*-forms concerning C**- and
Wl9-norms.

THEOREM 3.3: Let r € N: 1 <n, A€ (0,1), ¢ € (1,00) and f € C**NG)".

There exist positive constants ¢; = ¢;(n,7, A, G), 1 = 1,2, such that

Ba_»
lfllcra) < e (lldfllcorey + 9 fllconiey + lIv A fllcraaey + ; [Yi])
and

B,
I fllcrrey < ez (lldfllcongy + 10 fllconiay + 11 (¥, Hllcraee + Zl [Z4) -
£

Moreover, there exist positive constants ¢; = c;i(n,7,q,G), 1 = 3,4, such that

Bn_r
I£llwaey < s (ldfllzae) + 18 S llzee) + 1l A fllyi-ta g, + 22 1Y)
=1

and

B,
I llwrae) < co (ldfllzae) + 18 fllzaey + 10 Al prtape + 21D -
=1

Proof: As stated by [9], we may decompose a form f € C**(G)" into the exterior differential
of a (r — 1)-form ¢ and the codifferential of a (r + 1)-form 6:

(3.5a) f(z)=dé(z)+0(z) forzed.

In this relation, the differential form ¢ is given by

(35b) ) = / () - Clz, o) de’ — / WHE) -Gz, ') dwy
G ac

and the differential form @ by

35¢) 6(z):= /G (df)(@') - Gz, ') da’ — /3 (v A ) (@) - Gz, z') dwy .

G
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Potential theory treats integral operators Gy and Gg given by

Gy f(z /G z,2)f(z')dz and Ggf(z):= | G(z,7')f(z") dwy .

8G

Considering the properties of G and dG, we take from [3] and [11] that the accompanying
operator Gy belongs to

LCONG),C*NG)) or  L(LI(G), W™(G)).
Furthermore, it turns out (cf. [3] and [17]) that the operator Gg is in
L(CI(G),C2MNG)) or LW'9(8G), WH(G)).
According to the decomposition (3.5 a-c), we therefore get the C**-estimate
(3.6a) |fllerne < e (ldflicorg + 18 Fllcory + Il flleraaey)

and the Wl4-estimate

36b)  fllwraco) < 2 (147 xcoy + 187 axc@) + 171 yppape)
The form e(x) := —(v, f)(z), describing the normal component of f, satisfies the inhomoge-
nous integral equation
(3.7a) (I-K,)e=uyp,
where p is defined by
(37b)  u(z):=wuldf,éf,vA f(z):= d/ (6f)(= (z,2") dz’ +

8l (@) - G2 v - /a (A NE)-Gle. ) dus)

for z € 0G.
For this differential form the estimates

(3.82) llullcraee < cs(16fllgor + lldfllcorgy + 11V A flleraas))
and

(38b)  lull,. )

hold. Now, we write (.,.) for the bilinear form defined in (3.4). According to [3] and [9] the
Riesz index of K, equals to 1. Consequently, to each basis {e;}iz1,p,_, of N(I + L,) there
exists a basis {e}}i=1,...5,_, of N(I — K,_;) satisfying

ca (18 llzeey + Ndf oy + [V A Fll -1

(ac) (8G)

Bn_

(3.9a) (el e) = /ac(e{(z), (v(z),ei(x))) dwy =65, 1,5 € {1,...,Bnr}.

For details of the latter conclusion see (14}, (Satz 1.2.4, especially Hilfssatz 1.3.8). We take
from [9] that {(v,e;)}iz1,..B,_, is a basis of Z(G)"~!|5¢ and that it is possible to choose
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e; = v A £, where 2 € Z(G)'and i = 1,.., B,_,. That is why the orthogonality relation
(3.9 a) gives

(3.9 b) / (€!(2), 5 (z)) dws = 85, 4,5 € {1, Ba_s} .
oG
Assuming h belongs to R(I — K,_,), we presuppose that g is a solution of
(3.10) (I—-K,-1)g=h, where / (9,8)dw=Y;, i=1,...B,_,.
oG

By the regularity properties of K,_; one verifies that g belongs to C**(8GY ~!. In addition,

we define
By—r
(3-11) g1:=g—go and go=go(Y1,...,Yn,_.):= Z Yie .
i=1

Hence, one infers

(312) (I-K,_))gi=h and | (g,#)dw=0, i=1,..,B,,.
oG

As mentioned above, the Riesz index of K, is equal to 1. Consequently, the property
h ¢ NI ~ K,_,) implies that g; € C}*(8G)""\N (I — K,_1) 2. Furthermore, the em-
beddings

Jp: C¥(0G) ! — CIMOG)™ !  and

I WETNGGY -1 — W 0G) !
are compact. Instead of J; o K 5 ,—;, we merely write K, ,_1, and we substitute K1—5,q,r—1
for Jy 0 Kl—%,q,r—l' Hence,

I - K 5,1 € L(CHAOG) Y, CIAMOG) ')  and

I Ky yqper € LW 7 (06) ™, W, (0G) )

are Fredholm operators and have closed ranges. Therefore, Banach’s open mapping theorem

2 Remark: The fact that g; belongs to

({f e CIMEG) | /ac(f’ #)dw =0,i=1,... Buor}, lllcraae))
or to

bagayi| [ (i ydom0,i o
(7 e w06y [ (739 =0,i =1 Basrh My

respectively provides another possibility to obtain the estimates (3.13 a,b).



A priori estimates for differential forms with components in C'* 237

yields

(313a) |laillcraesy < esll(I — Kipr-1)g1llcinae
and

(313) 191l r-bagug < llT = Kot grn)illoy

8G) (8G)

We derive from (3.7 a), (3.11), (3.13 a,b) and [9] (the proof of Satz 8.3) that

Ba_r
(3.14a) (v, Nlleraaey < erlllellerroe + E} [Yi))
=

and
Bn_r
B145) 105y gy < Bl by + 35 1K

Then fi3¢ will be decomposed into its tangential and normal part. Finally, the estimates
(3.6 a,b), (3.8 a,b) and (3.14 a,b) will be combined. The corresponding dual results follow
quite analogously.

]
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